Abstract. In this paper we show that stable rank of the reduced C * -algebras of connected non-compact real semi-simple Lie groups is estimated by real rank of these groups. We extend this result to the case of connected reductive Lie groups and partially even to the case of connected non-amenable real Lie groups of type I. As a corollary, we show that the product formula of stable rank holds for locally compact, σ-compact non-amenable groups of type I.
Introduction
The concept of stable rank of C * -algebras, i.e. non-commutative complex dimension, was introduced by M. A. Rieffel [R] . He raised the problem concerning the determination of stable rank of the C * -algebras of Lie groups in terms of the geometrical structure of these groups. H. Takai and the author [ST2] succeeded in the computation of stable rank of the C * -algebras of simply-connected connected solvable Lie groups of type I as a generalization of our result [ST1] . Hence stable rank of the C * -algebras of the radical part of simply-connected connected Lie groups of type I has been computed. We also obtained the partial results in the case of connected solvable Lie groups of type I.
In this paper, we first focus our attention on the non radical part of connected Lie groups, i.e. connected non compact real semi-simple Lie groups. They are non-amenable so that we only consider their reduced C * -algebras. We show that stable rank of these algebras is handled by real rank of those groups. This result extends to the case of connected reductive Lie groups and partially even to the case of connected non-amenable Lie groups of type I. As a corollary, we show that the product formula of stable rank holds for the reduced C * -algebras of locally compact, σ-compact non-amenable groups of type I.
We give the definition of stable rank of C * -algebras as follows: Let A be an unital C * -algebra. Then we denote by sr(
Stable rank sr(A) of A is defined by the smallest integer with the above property. If there exist no such integers, then we let sr(A) = ∞. If A is non unital, then we define sr(A) = sr(A ∼ ) where A ∼ is the unitization of A. We use the basic results of stable rank in [R] later.
TAKAHIRO SUDO
Next we recall the basic definitions throughout this paper as follows: Let G be a locally compact group,Ĝ its spectrum which consists of all continuous irreducible unitary representations of G up to equivalence equipped with hull-kernel topology andĜ r its reduced dual which is the support of the regular representation of G. Let C * (G) be the C * -algebra of G, which is generated by the image of the universal unitary representation of G. Let C * r (G) be the reduced C * -algebra of G, which is generated by the image of the regular representation of G. We identify the spectra
The case of semi-simple Lie groups
First of all, we give some basic properties of connected non compact real semisimple Lie groups (refer to [Kn] ).
Let G be a connected non compact real semi-simple Lie group with its Lie algebra g. Let θ be a Cartan involution of G, which is an automorphism of G such that θ 2 = 1. Let K = {g ∈ G | θ(g) = g} be the maximal compact subgroup of G corresponding to θ. Let dθ be the differential of θ. Since (dθ) 2 = 1, we have a Cartan decomposition g = k ⊕ p of g where k, p are +1, −1 eigenspaces of g under dθ respectively.
Let a be a maximal abelian subspace of p and a * its real dual space. We identify a * with a Euclidean space. For every ϕ in a * , let g ϕ be its root space defined by
If g ϕ = {0}, we call ϕ a root of g. Let ∆ be the set of all roots of g. Fix a
+ be the set of all positive roots of g. Put n = ϕ∈∆ + g ϕ which is a nilpotent Lie subalgebra of g. Then g decomposes into the direct sum g = k ⊕ a ⊕ n.
Let K, A and N be the Lie subgroups of G corresponding to k, a and n respectively. Then G has an Iwasawa decomposition G = KAN . Define by rr(G) the dimension of A, i.e. real rank of G. Let M = Z K (a) which is defined by
It is a compact subgroup of G with its Lie algebra z k (a) which is defined by
Then P = M AN is a Lie subgroup of G, which is called a minimal parabolic subgroup of G determined uniquely up to conjugacy.
Let W be the Weyl group defined by the quotient
where u is any representative of w in W , s is in a * and χ s (exp X) = e is(X) for X in a. We identify χ s inÂ with s in a * . Let (σ, s) be an element ofM ×Â. We denote by [(σ, s) ] the orbit of (σ, s) under W and by (M ×Â)/W the orbit space ofM ×Â.
Then the induced representations ind
s) is unitarily equivalent to π(σ , s ) if and only if there exists an element w of W such
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s ). Thus we denote by π([(σ, s)]) the equivalence class of π(σ, s).
We refer to [L] for a topology onĜ r . Then the following lemma is obtained:
Lemma 2.1. Let G be a connected non compact real semi-simple Lie group and
is irreducible for every s inÂ where 1 M is the trivial representation of M [Ko] .
AsÂ/W is a locally compact T 2 -space, I is isomorphic to the C * -algebra associated with the continuous fields onÎ [D, Theorem 10.5.4.] . We take a closed ideal L of I, which is of continuous trace. It is also isomorphic to the C * -algebra associated with the continuous fields onL. By its local triviality [D, Theorem 10.9.5.] , there exists a closed ideal E of L, which is isomorphic to C 0 (Ê) ⊗ K where C 0 (Ê) is the C * -algebra of all continuous functions onÊ vanishing at infinity, and K is the C * -algebra of all compact operators on a countably infinite dimensional Hilbert space. Since dimÂ ≥ 2 and W is finite, we see dim(Â/W ) ≥ 2 so that dimÊ ≥ 2. Thus sr(E) = 2. Therefore sr(C * r (G)) ≥ 2.
We refer to [BM] for a topology onĜ r in the case rr(G) = 1 Then we have the following lemma: Proof. If rr(G) = 1, thenÂ ∼ = R and W = {1, w} where w is the unique non trivial element of W . It acts onM ×Â as follows: 
We construct a finite composition series {I k } 3 k=1 of C * r (G) with I 0 = {0} and I 3 = C * r (G) as follows:Î 1 =Ĝ p , (I 2 /I 1 ) ∧ =Ĝ l and (I 3 /I 2 ) ∧ =Ĝ d . Then
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Then {I k /I k−1 } 3 k=1 have stable rank 1 and {I k /I k−1 } 3 k=2 have connected stable rank 1 (cf. [R] ). Therefore sr(C * r (G)) = 1.
Next result is useful in the computation of stable rank.
Proposition 2.3. Let G be a locally compact, σ-compact non-amenable group of type I and C
Proof. It is known that ifĜ =Ĝ r , then every element ofĜ r is infinite dimensional [F] . By [ST2, Proposition 3.1], the proof is complete.
We give an application of Proposition 2.3 to show the product formula of stable rank in the case of the reduced C * -algebras of locally compact, σ-compact nonamenable groups of type I as follows:
Corollary 2.4. Let G, H be two connected locally compact, σ-compact nonamenable groups of type I, and C
Proof. Let e G , e H and e G×H be the units of G, H and G × H respectively. Let 1 G , 1 H and 1 G×H be their trivial representations, and λ G , λ H and λ G×H their regular representations respectively. Then by [FD, Corollary 12.18, 13 .6],
where is unitary equivalence. Thus C * Remark 2.6. This result suggests that stable rank of the reduced C * -algebras of connected non compact real semi-simple Lie groups is controlled by the real rank (i.e. the geometrical structure) of G. Note that rr(G) = 0 if and only if G is compact. ThenĜ is discrete. Thus C * r (G) is isomorphic to ⊕ λ∈Ĝ M n λ (C) where M n λ (C) is the C * -algebra of all n λ × n λ complex matrices. Hence sr(C * r (G)) = 1. We give some examples which support Theorem 2.5 in what follows: Example 2.7. Let G be a connected real semi-simple Lie group with rr(G) = 1. Then it is known that G is locally isomorphic to one of the following groups (cf. [HV] ):
Thus their reduced C * -algebras have stable rank 1.
Example 2.8. Let G = SL n (R) for n ≥ 2. Its Iwasawa decomposition is obtained as follows:
Thus rr(G) = 1 if and only if n = 2. Therefore we obtain that
Example 2.9. Let G = SL n (R) be the universal covering group of SL n (R) for n ≥ 2. It is known that G is a non linear semi-simple Lie group. Since the fundamental group of SL n (R) is equal to Z (n = 2) and Z 2 (n ≥ 3), we have that G/Z ∼ = SL 2 (R) and G/Z 2 ∼ = SL n (R) (n ≥ 3) respectively. Since Z and Z 2 are amenable closed normal subgroups of G, we know that C * r (SL n (R)) is the quotient of C * r (G) (cf. [Ka, p.1349] ). By Example 2.8, sr(C * r (G)) ≥ 2 if n ≥ 3. If n = 2, then rr(G) = 1. Therefore we obtain that sr(C * r ( SL n (R))) = 1 if n = 2, 2 if n ≥ 3.
The case of reductive Lie groups
In this section, we show that Theorem 2.5 extends to the case of connected reductive Lie groups. First of all, we examine the structure of these groups.
Let G be a connected real reductive Lie group with its Lie algebra g andG its universal covering group. Then g has Levi decomposition g = z⊕ [g, g] where z is the center of g. It is known that any two simply-connected Lie groups with the same Lie algebras are isomorphic (cf. [Kn, Appendix A.114] ). Thus,G is isomorphic to the direct product Z ×S where Z is the Lie subgroup ofG with its Lie algebra z and S is the semi-simple Lie subgroup ofG with its Lie algebra [g, g] . Then the center ZG ofG is of the form Z × Z S where Z S is the center of S. Let Γ be a discrete subgroup ofG contained in ZG such that G = (Z × S)/Γ. Then Γ is isomorphic to the direct product Γ Z × Γ S where Γ Z and Γ S are discrete subgroups of Z and Z S respectively. Thus we have G = (Z/Γ Z ) × (S/Γ S ).
Let G a = Z/Γ Z be the abelian direct factor of G and G s = S/Γ S the semisimple one of G. Note that G s is equal to the commutator subgroup [G, G] 
We denote by Z G the center of G. 
where ∨ means the maximum.
Proof. If G a is compact, and rr(
Using the structure of C * r (G s ) in Lemma 2.2, and tensoring C 0 (Z n ) with C * r (G s ), we conclude that sr(C * r (G)) = 1. On the other hand, since dim( Remark 3.2. We consider the case that G is amenable. If G a is compact, and rr(G s ) = 0, then G is compact. It follows that sr(C * (G)) = 1. If G a is non compact, and rr(G s ) = 0, then G is of the from R k × T n−k × G s for k ≥ 1 and n = dim G a , and G s is compact. Then
Thus we obtain that sr(C * (G)) = sup Next we give an example which supports Theorem 3.1 as follows:
Example 3.3. Let G = GL n (R) 0 be the connected component of GL n (R) containing the unit of G for n ≥ 2, which consists of all invertible matrices with positive determinant. We consider the mapping Φ from G to R * + × SL n (R) defined by Φ(g) = (det(g), g/det(g)) for g in G. It is clear that Φ is a Lie group isomorphism. Since G a is non compact, we conclude that
